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ABSTRACT
The implications of assuming concrete or rock to be a per-
fectly plastic body when determining the bearing capacity of concrete
blocks or rock are examined experimentally. The strain field is ex-
perimentally determined for the indentation of a circular punch on a
circular block having various block base conditions. Limit analysis
is then applied to obtain upper and lower bound solutions for the
standarized indirect tensile test o Various factors influencing the
load tests of concrete cylinders are briefly discussed.
~
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1. INTRODUCTION
In a recent paper dealing with the bearing capacity of con-
1
crete blocks or rock , the generalized limit theorems of perfect plas-
2
ticity were applied to obtain bearing capacity in two dimensions
(strip loading) and in three dimensions (~ircular and square punches).
The approach is essentially based on the assumption that the local
deformability of concrete or rock in tension and in compression is
sufficient to permit the application of limit ana~ysis. The impli-
cations of this basic assumption for these classes of materials are
far reaching and when applied, often provide good predictions of
1
bearing capacity •
It was considered advisable to check the validity of the
limit analysis approach experimentally, and to obtain more data for
the deformation of the concrete or rock subjected to biaxial stress
state. The experiments described in this paper were primarily de-
signed to observe the order of the incipient plastic flow strain
field during indentation of a circular punch on a circular concrete
block. The effect of friction on the observed strength and on the
strain field is also discussed, as is the applicability of limit
analysis to brittle materials such as concrete or rock. As a further
application of the limit analysis approach, upper and lower bounds·
are obtained for the bearing capacity of the standarized indirect
tensile test. Finally, various factors influencing the load tests
of concrete cylinders are briefly discussed.
A brief description
2 • PREVIOUS WORIZ
Although the limit design concept of plasticity originated
from, and has been accepted in, the field of reinforced concrete for
3,4
many years ,the use of the generalized limit theorems of perfect
plasticity in two- and three-dimensional concrete media and its ex-
tension to rock mechanics has just beguna A number of interesting
1,6,6
solutions in this area have been published
of the various approaches and idealizations is therefore helpful and
will be discussed bel~w
If the tensile strength of concrete or rock is assumed to
be zero for dimensions of engineering interest, and not just a small
fraction of the compressive strength, then the limit -theorems of per ....
feet plasticity will hold rigorously for this idealization~ They can
be applied easily when a tensile crack is introduced in the fa~lure
mechanisIDo The early application of the limit theorems approach to
the analysis and design of Voussoir arches is a good exampleo
5
Kooharian made the extreme but not unreasonable assumption that con-
crete is unable to take tension and behaves as a rigid, infinitely
strong material in compression. This ide~lization was selected be-
cause it was simple and provided a first approximation to the behavior
of a real Voussoir archo
If concrete and rock are assumed to have zero tensile
strength and a finite compressive strength, they may be considered
more nearly as real materials e The assumption of infinite ductility
in tension at zero strength is rigorous and conservative for the
-2-
1,5,7
application of limit analysis , but the assumption of infinite
ductility in compression at selected compressive strength is more
questionable. Brittleness in compression and a falling stress-strain
curve after a maximum strength is usually observed, as indicated in
Fige 1 0 This is not compatible with the limit theorems. If the com-
pressive strain of concrete is small and is not repeated often, then
the deformability of concrete in compression prior to an appreciable
fall-off of stress may be sufficient to permit the consideration of
limit theorems with the concrete idealized as perfectly plastic at a
yield stress in compression that approximates the ultimate strength
fl. ~owever, with the safe assumption that concrete or rock is un-
c
1
able to resist any tension, Chen and Drucker recently have shown
that the bearing capacity is just the unconfined compression strength
of the column of material directly under the load.
Obviously, the idealization of zero tensile strength is
not true. When a small but significant tensile strength is assumed,
and if the Mohr-Coulomb surface for failure in compression is taken
to represent a perfectly plastic yield surface, the predicted capac-
1
ity is found to be in good agreement with published test results •
These results show convincingly that tensile strength and local ex-
tensibility of concret~ or rock are essential to the ability of con-
I
crete blocks and rock to carry load.
Even the more modern point of view expressed by Winter and
8 9 10
his co-workers , Robinson ,Oladapo ,and many others, which indi-
cates a completely brittle but initially stable fracturing of concrete
-3-
in tension, does not rule out the application of the assumption of
perfectly plastic failure in tension. It is only necessary for the
local tensile strength to be maintained for the required range of
tensile strain in order for the limit theorems to apply. Furthermore,
it is worth mentioning that a substantial increase in the tensile
strength and thus tensile strain of concrete may be achieved with
short lengths of wire in random orientation, but nearly uniform
11
spacing throughout the concrete This may provide even better
correlation between the theoretical predictions of limit analysis
and test results than was obtained by a rigid punch on a plain con-
crete block, as reported in Reference 1.
-4-
3 0 EXPERIMENTAL STUDY OF THE STRAIN FIELD
Localized tensile strains of the order of four times those
obtained in a simple test have been reported in a concrete cylinder
12
loaded by a concentric punch Therefore, tests were carried out
to ascertain whether the strain field developed in the concrete block
at the instant of collapse is sufficient to allow complete plasticity.
MOrtar cylinders at different sizes (6 in. diameter by 12
in. height, and 6 in. diameter by 6 in. height) were used. For some
6x6 in. cylinders, a thin sheet of teflon was inserted between the
cylinder and the supporting base so as to minimize friction effects.
To obtain a smooth condition at the base, the 6xl2 in. cylinders were
tested by a double punch (short steel cylinders, 2 in. in diameter)
in which the load was applied to a cylinder at two opposite faces
(Fig. 2). This condition ensured zero shear stress over the mid-
height section of the cylinder.
Specimens
Specimens were cast in timber moulds. Each specimen con-
tained a center hole 5/8 in. in diameter along the axis of the cyl-
inder. Strain gauges were attached to a typical cylinder at the
positions indicated in Fig. 2. The gauges inside the center hole
were mounted to the specimen by applying internal pressure to a rub-
her hose Ci
The mortar used for the tests contained a 1:3 mix by weight
of normal Portland cement, to well graded sand having particle
-5-
dimensions in the range from No.4 to No. 100 u.s. Sieve. The water-
cement ratio was 0.5. The cylinders were tested at an age of 32 to
37 days in an Amsler Testing Machine. All cylinders were cured at
+ 7SoF for 6 days so as to minimize drying out effects.
A spherical seat was placed on top of the short steel cyl-
inder to insure even load distribution. Loads were applied at a rate
not exceeding 1000 lb. per sec. until failure of the specimen. The
control tests were carried out on standard concrete cylinders. Both
compression tests, and splitting-tension (indirect tensile) tests
were performed on cylinders having the same age as the concentric
punch tests.
Results
The vertical and horizontal strain distributions along the
axis of the cylinder are shown in Fig. 3. Each curve plotted is the
result of three separate tests on similar specimens. These curves
differ in the numerical values, but show the same general distribution
of strain with depth in the cylinder. A marked increase in vertical
compressive strain of the order of at least twice that obtained in a
_5
simple compression test (300xlO in/in.) near the region directly
below the punch. The horizontal tensile strains are seen to be dis-
tributed rather uniformly along the axis of a cylinder, but reverse
to a compressive strain near the bottom, for blocks with teflon and
steel bases.
-6-
The important point to be noted from the strain distribution
curves is that the average tensile strains along the axis of the cyl-
inder near ultimate failure in the punch tests are greater than in
13
the flexure and direct tension tests On the average, the tensile
strains for smooth punch tests (teflon base or double punch) are
about four times those in the flexure tests, and five times as large
as the average strain in simple tension tests. Although the average
tensile strains in rough punch tests (steel base) are much smaller
than those in smooth cases, the average values reached in the spec-
10
imen are still as large as the average strain in flexure tests
The strain readings for the gauges on the surface of a
block (gauge 8 in Fig. 2) indicate that an average horizontal ten-
si1e strain of up to 80% or more of the average tensile strain in
flexure tests is reached in the cylinder just prior to collapse.
This suggests that the tensile plastification tends to relieve the
more highly stressed parts in the center portion of the specimen,
and to throw the tensile stress onto those parts near the surface
of the specimen where the stress is lower.
For the case of a double punch, the vertical strain dis-
tribution on the middle horizontal section of the specimen is found
to be almost uniform (gauge 7 in Fig. 2). However, the vertical
strain distribution over the teflon or steel base is not uniform,
and it varies from about zero at the edge of a cylinder to a com-
_5
pressive strain of order 200xlO in/in. or more at the center.
This suggests that the load carrying capacity for a double punch
-7-
may be higher than those of similar specimens with steel or teflon sup-
porting bases. Indeed, this was found to be the case, and will be dis-
cussed further in Section 5.
To construct the stress distribution directly from the mea-
sured strain field is not possible at the present stage of knowledge,
since the essential to this construction is the knowledge of concrete
behavior in a combined state of stress. Unfortunately, the description
of the stress-strain relationship for concrete is restricted to the
most elementary aspects of simple tests. No general relations have
been determined as yet and, surprisingly, the need for them is almost
never mentioned. For the present purpose, the tensile strength of con-
crete may be assumed to be unaffected by moderate normal stress com-
ponents in directions perpendicular to the direction of tension. Ex-
14
perimental evidence has been reported in support of this assumption
As a basis for constructing the associated stress field, the
material is said to have yielded when the vertical strains and hori-
_5
zontal strains in the mortar reach values of 300xlO in/in. and
-6IOxlO in/in. respectively. These are about the average maximum
strains in simple compression tests and in simple tension tests. It
is emphasized, however, that this is an arbitrary criterion; neverthe-
less, these readings represent the critical stages in the loading his-
tory of thE concrete in such tests.
The strain distribution diagrams thus suggest that a high
compressive stress more comparable with a triaxial test is developed
-8-
in the region directly beneath the punch. The plane passing through
the axis of the cylinder exhibits an almost uniform tensile stress
over that plane (except the region near the supporting base), and
supports the previous work of Chen and Drucker, who assume that
the concrete can strain sufficiently to develop complete plasticity
throughout the material so that the limit analysis technique can be
applied.
-9-
cut-off (Fig. 5).
4. LIMIT ANALYSIS OF INDIRECT TENSILE TEST
The bearing capacity of a concrete block or rock is closely
related to the behavior of an indirect tensile test (splitting), in
which a compressive load is applied to a cylinder along two opposite
generators (Fig. 4(b)). The distribution of stress and hence the
relevant formula for computing the tensile strength of the indirect
16
tensile test have been analyzed by the theory of elasticity A
plasticity treatment of this problem is given below. The analysis
is based on the fundamental assumption that the local tensile strain
of concrete is sufficient to permit the application of limit analysis.
In addition, it is assumed, as in Reference 1, that the concrete may
be idealized as perfectly plastic with a Mohr-Coulomb failure surface
as the yield surface in compression, and a small but non-zero tension
In Fig. 5, f' and f' denotes the simple compres-
c t
sian and simple tensile strength respectively, and c is cohesion and
~ is the angle of friction of the concrete.
2
The Upper Bound Theorem of limit analysis states that the
concrete cylinder will be collapse, if, for any assumed failure mech-
anism, the rate of work done by the applied loads exceeds the internal
rate of dissipation. Equating external and internal energies for any
such mechanism thus gives an upper bound on the collapse load.
Figure 4(b) shows a failure mechanism consisting of two
rigid wedge regions ABC, and a simple tension crack CC connecting
-10-
these two wedges. The wedges move toward each other as a rigid body,
and displace the surrounding material horizontally sideways. The rela-
tive velocity vector ow at each point along the lines of discontinuity
7
AC and Be is inclined at an angle ~ to these lines. The compatible
velocity relations are shown in Fig. 4(a). The rate of dissipation of
energy along the wedge surfaces may be found by multiplying the area
of these discontinuous surfaces by ff ( 1 - sin~ )/2 times the dis-
c
1
continuity in velocity ow across the surfaces.. Similarily, the rate
of dissipation of energy along the separation surface CC is found by
multiplying the area of separation by f' times the relative separation
t
velocity 2~ across the separation surface. Equating the external rate
of work to the total rate of internal dissipation yields
f' t ( 1 - sin~ )
(s~nc;y) [ _c_-co-S-(QI-+-CP-)-- - 2 f~ t COSQl tan(a + ~) ]
(1)
+ f~ t d tan(a + ~)
in which d is the diameter and t is the length of the cylinder.
The upper bound has a minimum value when a satisfies the
'condition opu loCi = 0, which is
cot~ = tan~ + sec~ {1+
-11-
d } l/Z2a cos~
(2 )
Equation (1) is in fact a simple modification of the two-
dimensional solution obtained in Reference 1. For the dimensions used
and ~ = 30°, the upper bound has a minimum value at the point a = 16.1°,
in the standarized indirect tension test (ASTM-C649-62T):
i<(say) and d = 6 in., and the average values for concrete:
and
p < pU = 1.83 ~ d ft
t
Therefore,
12a :::: 2' in.
f'/f' = 10
c t
(3)
p
ft > 0.548 --d (4)
t - .t
2
The Lower Bound Theorem of limit analysis states that if an
equilibrium distribution of stress can be found in the concrete cyl-
inder which nowhere exceeds the Mohr-Coulomb yield criterion in Fig. 5,
then the loads imposed can be carried without collapse, or will just be
at the point of collapse. Clearly, any stress distribution obtained
through the theory of elasticity will give a safe or lower bound on
the collapse load, provided that the chosen stress fields nowhere vio-
late the yield criterion.
Stress distribution in a plane disc (plane stress) subjected
to loads perpendicular to the axis of a disc (Fig. 4(b) h~s been
..'..
ft ASTM specifies that the width of the plywood strip placed between the
punch and the concrete cylinder is 1 in., however, the load is actually
distributed through the plywood to the concrete cylinder over a band of
appreciable less width (say 1/2 in.).
-12-
15 16
discussed thoroughly by Frocht and Timoshenko The stress distri-
bution for the disc will he a statically admissible stress field if
the magnitude of the maximum shearing stress on any section through
the concrete in the disc is not greater than an amount which depends
linearly upon the hydrostatic ·pressure (Fig. 5). If the load is as-
sumed to he uniformly distributed over the width 2a (say 1/2 in.), it
can be shown that if 2a < d/IO, the stresses on the vertical diameter
may be adequately approximated by:
Vertical Stress, cr
r
- 2 P d d
= 'IT t d [ 4a ( e + sine ) + -d--r - 1 J (5)
Horizontal Stress, ae
2 P d
= 'IT t d [ 1 - 4a ( e - sine ) J (6)
e is the angle sub tended by the loaded area at the point considered
(Fig. 6(b), and tensile stress is taken as positive. The stress dis-
tribution along the vertical diameter, calculated for 2a = d/l2, is
shown in Fig. 6(a).
It can he shown that the critical points which decide the
maximum value of P are those points along the vertical diameter joint-
ing the applied forces. The vertical stress at point A (Fig. 6(a),
r = 0.45 in.) must not be greater than f' in order that the yield con-
e
clition be not violated, since the horizontal stress is zero at this
*point. The points vertically below A (r > 0.45 in.) are under a
*Since the cylinder is long, it approximates closely to plane strain
condition. The condition above point A is thus comparable with a
triaxial test. Yiel.ding does not, therefore, occur here.
-13-
biaxial state of compression-tension with a tension of amount near
2P/ntd. It is found that the critical point along the vertical di-
ameter plane, which first reaches the yield condition, is the point
r = 0.5 in. [a
r
= - 10.49 (2P/ntd), ae = 0.31 (2P/ntd)]. The modi-
fied Mohr-Coulomb yield condition can be written (Fig. 5)
a = a tan2 ( !!. + £Q ) - f'
r e 4 2 c (7)
For cp = 30° and f' =
c
10 f', Eq. (7) reduces to
t
(8)
Substituting the values a
r
and ae at r = 0.5 in. into Eq. (8), a
lower bound on the collapse load of the indirect tensile test is
thus obtained:
p > pt = 1.37 t d f~
Therefore,
Pf~ < 0.728 td
Therefore, the stress field of Fig. 6 and the velocity
field of Fig. 4 show that the tensile strength of concrete for the
indirect tensile test lies within ± 14 percent of the value
-14-
(9)
(10)
0.638 p/td = 2P/ntd. It is interesting to note that the average value
of the upper and lower bounds solutions given previously, is identical
to that derived from elasticity theory.
-15-
5. LOAD TESTS OF CONCRETE CYLINDERS
In the load tests of concrete cylinders, three matters were
examined:
(1) The effect of the testing age of a specimen on
the observed bearing strength.
(2) The effect of the base plate conditions on the
observed bearing strength.
(3) The effect of the presence of a center hole in a
specimen on the observed bearing strength.
The concrete and mortar specimens used for the tests were
prepared in a similar manner as those described in Section 3. The
test results are summarized in the Table where the bearing .pressure
p (lqad/nominal area of punch) at failure is referenced to its cyl-
inder strength (f'). Each result quoted in the Table is the mean of
c
three tests on similar specimens. The average tensile strength, which
was computed from the indirect tensile test, was found to range between
1/10 to 1/11 of that cylinder strength.
(1) The Effect of the Testing Age of a Specimen
1
In the previous work , all experimental data were obtained
with 7-days concrete, and so represent relatively low strength mate-
1
rial. It was believed that plastic flow of concrete would be easier
at this stage than when high strength is reached, and thus yield a
higher bearing pressure (relative to its cylinder strength).
Tests were carried out to ascertain whether the testing age
of the specimens in the bearing tests had such an effect on the result.
-16-
Surprisingly, cylinders tested at about 34-days age was found to have
a higher relative bearing pressure than those tested at about 7-days
age (sets 10 and 11 in the Table). Strain distribution diagrams for
the 34-days specimens (Fig. 3) indicates an almost complete plastic-
ification in the cylinder prior to the collapse. Early age concrete,
therefore, does not necessarily have better plastic flow character-
istics, and thus will not automatically give rise to a greater op-
portunity for redistribution of stress.
(2) The Effect of the Base Plate Conditions
The results obtained with a steel base do not differ signi-
ficantly from those obtained with a teflon base of the same size
(columns A and B), but the double punch gives higher results (columns
A, B, and C). As was pointed out in Sect~on ~, the double punch gave
rise to an almost uniform strain distribution, ~nd thus stress distri-
bution, over the mid-height section of the cylinder, while this is not
the case for the other two tests. The results of double punch are
therefore expected to be higher than those of the other two tests.
The lower strength in the case of the steel base is due partly, if not
entirely, to the irregularities of the surface between the specimen
and the supporting plate. On the other hand, the thin teflon sheet
seems able to conform to the irregularities of the surface. and dis-
tributes the load more uniformly over the base, thus giving a hig~er
value than that of the steel base. However, the difference in
Poisson's ratio between the teflon and the concrete cylinder would
seem to weaken the bearing strength. It is reasonable to suppose,
-17-
therefore, that the s~me bearing strength might be expected for both
steel base and teflon base. This observation is in agreement with
most of the results obtained, but further tests are required to de-
termine their relative effect and importance on the bearing strength.
(3) The Effect of the Center Hole in a Specimen
The presence of a center hole (5/8 in. diameter) in a speci-
men does not appear to have a significant effect on the observed bear-
ing strength. The presence of a center hole tends to reduce the ob-
served strength for steel and teflon based specimens, while apparently
increasing the observed strength for double punch specimens (except
those concrete specimens with 2 in. double punch). It is unlikely this
effect was the result of random variation of the individual values, but
no reason can be advanced for it. Further tests are required before
definite conclusions could be drawn.
-18-
6. CONCLUSION
Local extensibility of concrete is seen to be sufficient to
develop almost complete plasticity throughout a concrete cylinder loaded
by a concentric flat-ended punch. The application of limit theorems to
concrete or rock, therefore, appears reasonably justified. The results
of plasticity analysis being similar with that of elasticity analysis
in the case of the indirect tensile test should prove both interesting
and useful. It seems clear, at this stage, that more problems of the-
oretical significance and practical importance must be investigated so
that the implications of plasticity to this class of material may be
better understood. The limit analysis appears most promising.
-19-
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8. NOMENCLATURE
a punch width
c cohesion
d cylinder diameter
ft simple compression strength
c
f~ simple tensile strength
t cylinder length
p ultimate bearing pressure
p,pu,pt collapse load, upper bound, lower bound
r distance defined in Fig. 6(b)
R Mohr circle defined in Fig. 5
OW relative velocity
6n downward velocity, Fig. 4(b)
~R horizontal velocity, Fig. 4(b)
a angle defined in Fig. 4(b)
~ angle of friction
e angle defined in Fig. 6(b)
cr
r
vertical stress, Eq. (5)
cre horizontal stress, Eq. (6)
~ normal stress
~ shearing stress
e axial strain
-21-
9. TABLE AND FIGURES
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TABLE - LOADING TESTS ON MORTAR AND CONCRETE CYLINDERS
(Test at about 7-Days)
Diam- Height Bearing pressure at
Make Type eter of failure, ff Set
punch, cylinder, cSteel Teflon Doublein. in. Base Base Punch
-
6 2.98 3.71 3.04 1
1.5 3 2.30 2.59 3.40 2
2 1.80 2.23 2.63 3
~ 6 1.62 2.14 2.18 4
H 2.0 3 1.48 1.59 1.93 5H
0 2 1.73 1.49 1.68 6(f)
~
ES 6 2.96 2.88 3.28 7~ 1.5 3 1.95 1.62 3.56 8~ 2 1.49 1.49 2.72 9
r:.::t
.....:I
0 6 2.22 2.14 2.18 10*::d
::d 2.0 6 1.80 1.61 2.12 11E-I 3 1.37 1.33 2.45 12H
~ 2 1.08 1.12 1.62 13
6 3.00 3.12 3.21 14
1.5' 3 2.88 2.91 2.84 15
2 2.58 2.42 2.37 16
~ 6 2.36 2.24 2.07 17
H 2.0 3 1.47 1.63 1.86 18H
~ 0 2 1.31 1.40 1.54 19E-I (f)
~
c..:> 6 3.14 3.11 20z Not0 1.5 3 .2.42 3.03 210
. Cast
r:a 2 1.97 2.57 22
J-l
0
::d 6 2~08 1.55 23
~ 2.0 3 1.43 Not 1.68 24
H 2 1.21 Cast 1.48 25:s
A B C
.1...
i~Specimens tested at about 34-days instead of the normal 7-days.
-23-
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Fig. 4 Bearing Capacity of an Indirect Tensile Test
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Fig. 5 Modified Mohr-Coulomb Criterion
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